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Normal Minimal Cayley Digraphs of Abelian Groups
JIXIANG MENG AND BAO YING
A Cayley digraph X = Cay(G, S) is said to be normal for G if the regular representation R(G)
of G is normal in the full automorphism group Aut(X) of X . A characterization of normal minimal
Cayley digraphs for abelian groups is given. In addition, the abelian groups, all of whose minimal
Cayley digraphs are normal, are characterized.
c© 2000 Academic Press
1. INTRODUCTION
Let G be a finite abelian group and S a subset of G not containing the zero element 0. The
Cayley digraph X = Cay(G, S) of G with respect to S is a directed graph whose vertices
are the elements of G, and for any x and y in G, there is an arc from x to y if and only if
y − x ∈ S.
Let X = Cay(G, S). It is well known that Aut(X) contains the right regular representation
R(G) of G, so X is vertex transitive. X is strongly connected if and only if S generates G. Set
Aut(G, S) = {α ∈ Aut(G)|α(S) = S}
A = Aut(X)
A0 = {α ∈ A|α(0) = 0}.
Obviously, A ≥ R(G)Aut(G, S). Then NA(R(G)) = R(G)Aut(G, S). Thus A = R(G)
Aut(G, S) if and only if R(G)✁ A. In [9], Xu defined the so-called normal Cayley digraphs.
DEFINITION 1.1 ([9]). The Cayley digraph X = Cay(G, S) is called normal if R(G) ✁
Aut(X).
So, normal Cayley digraphs are just those which have the smallest possible full automor-
phism groups. The following result is obvious.
PROPOSITION 1.2. The Cayley digraph X = Cay(G, S) is normal if and only if every
element of A0 is an automorphism of the group G.
A Cayley digraph X = Cay(G, S) is said to be minimal if S is a minimal generating subset
of G. In [9], Xu proposed the following problem.
PROBLEM 1.3. Are minimal Cayley digraphs are normal?
It was proved in [5] that minimal circulant digraphs (Cayley digraphs of cyclic groups) are
normal. In [3, 6], the authors independently proved that minimal Cayley digraphs of abelian
groups with odd order are normal. In this paper, we will characterize normal minimal Cay-
ley digraphs of abelian groups. See [1, 2, 4, 8, 9] for details and references on normal Cayley
digraphs.
We conclude this section by citing a result which will be used extensively below.
PROPOSITION 1.4 ([6, LEMMA 1]). Cay(G, S) is normal if and only if for any
σ ∈ Aut(Cayley(G, S)) with σ(0) = 0, we have σ(a + b) = σ(a) + σ(b) for all a and
b in S.
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2. NORMAL MINIMAL CAYLEY DIGRAPHS
Throughout this section we fix an abelian group G, written additively, and we assume that
S is a fixed minimal generating subset of G. Denote by N+(x) the out-neighbour set of a
vertex x .
LEMMA 2.1 ([7]). Let s, s′ ∈ Swith s = s′. Then:
(i) |N+(s) ∩ N+(s′)| ≤ 2, and the equality holds if and only if 2s = 2s′.
(ii) s + s′ is a common out-neighbour of s and s′ and no other element in S.
(iii) For any ϕ ∈ A1(G, S), 2s = 2s′ if and only if 2ϕ(s) = 2ϕ(s′).
LEMMA 2.2. If 2s1 = 2s2 for any two distinct elements s1 and s2 in S, then Cay(G, S) is
normal.
PROOF. The result follows readily from Proposition 1.4 and Lemma 2.1. Alternatively, the
reader is referred to [6]. ✷
In view of Lemma 2.2, to investigate normal minimal Cayley digraphs of abelian groups, it
suffices to consider those minimal generating subsets S in which there exist distinct elements
s1 and s2 such that 2s1 = 2s2.
Define an equivalence relation ∼ on S:
s1 ∼ s2 ⇐⇒ 2s1 = 2s2. (∗)
This relation determines a partition of S:
S = S1 ∪ S2 ∪ · · · ∪ Sk
with the property that two elements s1 and s2 belong to a same subset Si if and only if 2s1 =
2s2. For ϕ ∈ A0(G, S) (ϕ is being fixed for the rest of the section), set Ti = ϕ(Si ) (1 ≤ i ≤ k).
Then it follows from (iii) of Lemma 2.1 that {Si : 1 ≤ i ≤ k} = {Ti : 1 ≤ i ≤ k}. Let
Gi = 〈Si 〉 and Hi = 〈Ti 〉. Define a correspondence ϕi from Gi to G as follows:
ϕi (g) = ϕ(g) ∀g ∈ Gi .
LEMMA 2.3 ([7]).
(i) G = G1 + G2 + · · · + Gk .
(ii) Pick g ∈ G and write g =
k∑
i=1
gi , where gi ∈ Gi , (1 ≤ i ≤ k). Then ϕ(g) =
k∑
i=1
ϕi (gi ).
(iii) If |Si | = 2, then ϕi is an isomorphism from Gi to Hi .
(iv) If |Si | = 2, let Si = {a1, a2} and Ti = {b1, b2}, then ϕi is a one-to-one correspondence
from Gi to Hi , and for any m ≥ 0,
ϕ{la1 + ra2 : l + r = m} = {lb1 + rb2 : l + r = m}.
Suppose |Si = 2| for all i (1 ≤ i ≤ k). Then using Lemma 2.3 one can easily verify that
for all φ ∈ A0(G, S) and for all a, b ∈ G, φ(a + b) = φ(a)+ φ(b), so Cay(G, S) is normal
by Proposition 1.4.
COROLLARY 2.4. If |Si | = 2 for all i, 1 ≤ i ≤ k, then Cay(G, S) is normal.
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It follows from Corollary 2.4 that to characterize normal Cayley digraphs of abelian groups
it suffices to consider the case in which some Si has cardinality 2. In this case, we may assume
without loss of generality that
|S1| = |S2| = · · · = |Sr | = 2
and |Si | > 2 for i > r (if exists). Let Si = {ai1, ai2}, 1 ≤ i ≤ r . Then 2ai1 = 2ai2(1 ≤ i ≤
r). Let l(Si ) be the smallest positive integer with l(Si )ai1 ∈ 〈S\Si 〉. Then since S is minimal
it follows that li is even. Let
l = max{l(S1), l(S2), . . . , l(Sr )}.
Then we have the following.
LEMMA 2.5. If l > 2, then Cay(G, S) is not normal.
PROOF. For simplicity, assume that l = l(S1), a1 = a11 and a2 = a12. Then it can be
shown that
G = ∪l−1i=0(U + ia1) ∪ ∪l−1j=0(U + ja1 + a2)
where U = 〈S\S1〉. Clearly, U+(l−1)a1+a2 = U+a1−a2 and the cosets that appeared on
the right-hand side of the above equality are disjoint. Define a permutation on G as follows:
ψ :
u ←→ u (∀u ∈ U ),
u + a1 − a2 ←→ u + a1 − a2 (∀u ∈ U ),
u + ia1 ←→ u + (i − 1)a1 + a2, (∀u ∈ U, 1 ≤ i ≤ l − 1).
In what follows we show that ψ ∈ A0(G, S), but ψ /∈ Aut(G, S), thus Cay(G, S) is not
normal. ✷
Assume that there exists an arc from a to b in Cay(G, S), i.e., b − a ∈ S. If b − a = a′ ∈
S\{a1, a2}, then a′ ∈ U . It is routine to check that ψ(b) − ψ(a) = a′. Now assume that
b − a = ai , (1 ≤ i ≤ 2). Without loss of generality, take b − a = a1. The result is clear if
a ∈ U or U + a1 − a2. If a ∈ U + ia1 or U + (i − 1)a1 + a2 for some i(1 ≤ i ≤ l − 1),
then ψ(b) − ψ(a) = a1 if i < l − 2 and a2 if i = l − 1. It follows that ψ ∈ A1(G, S). As
l > 2 and is even, we have l ≥ 4. Then by definition it follows that ψ(a1) = a2, ψ(a2) = a1
and ψ(a1 + a2) = 2a1 = ψ(a1)+ ψ(a2). Thus, ψ does not preserve the group operation, so
ψ /∈ Aut(G, S). The result follows.
For l = 2, we have the following.
LEMMA 2.6. If l = 2, then Cay(G, S) is normal.
PROOF. Now l(Si ) = 2 for i with 1 ≤ i ≤ r . By Proposition 1.4 it suffices to show that
ϕ(a + b) = ϕ(a) + ϕ(b) for any a and b in S. This is clear by Lemma 2.3 if a and b belong
to different S′i s or belong to a same Si with i > r . Now assume that a and b belong to Si
with l ≤ r . Then 2a ∈ 〈S\Si 〉 = G1 + · · · + Gi−1 + Gi+1 + · · · + Gr + · · · + Gk . Thus
by Lemma 2.3 it follows that ϕ(2a) ∈ H1 + · · · + Hi−1 + Hi+1 + · · · + Hr + · · · + Hk . If
ϕ(2a) = 2ϕ(a), then ϕ(2a) = ϕ(a)+ ϕ(b) ∈ Hi and a = b, contradicting the minimality of
S. Thus ϕ(2a) = 2ϕ(a), and therefore ϕ(a + b) = ϕ(a) + ϕ(b). The result then follows by
Proposition 1.4 ✷
Combining Lemmas 2.2–2.6 we obtain the following.
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THEOREM 2.7. Let G be a finite abelian group and S be a minimal generating subset of G.
Let S = S1 ∪ S2 ∪ · · · ∪ Sk be the partition corresponding to the equivalence relation defined
by (∗). Then Cay(G, S) is not normal if and only if there exists some i (1 ≤ i ≤ k) such that
|Si | = 2 < l(Si ).
3. GROUPS FOR WHICH EVERY MINIMAL CAYLEY DIGRAPH IS NORMAL
In this section we will characterize the abelian groups for which every minimal Cayley
digraph is normal. First we have the following.
LEMMA 3.1. Suppose G has odd order or the Sylow 2-subgroup of G is cyclic. Then every
minimal Cayley digraph of G is normal.
PROOF. The result follows readily by Lemma 2.2 and the fact that in any minimal gener-
ating subset S of an abelian group specified in this lemma, there are no two distinct elements
s1, s2 of S with 2s1 = 2s2. ✷
Let G be an abelian group, and S be a minimal generating subset of G. We claim that if there
exist two distinct elements s1 and s2 in S with 2s1 = 2s2, then Z2 is a direct summand of G. In
fact, as G = 〈S\{s2}, s1− s2〉 and s1− s2 /∈ 〈S\{s2}〉, it follows that G = 〈S\{s2}〉⊕〈s1− s2〉.
By the above claim and Lemma 3.1, to characterize the desired groups, it suffices to consider
those groups having Z2 ⊕ Z2m (m ≥ 1) as a direct summand. For these groups we have the
following.
LEMMA 3.2. Let G be an abelian group having a direct summand of type Z2m ⊕ Z2(m ≥
2). Then there exists a nonnormal minimal Cayley digraph of G.
PROOF. let G = Z2m ⊕ Z2 ⊕ G0, and S = {a1, a2, . . . , ak}, where a1 = (1, 1, 0), a2 =
(1, 0, 0, ), a3 = (0, 0, b3), . . . , ak = (0, 0, bk) and {b3, . . . , bk} is a base of G0. As S is
minimal and l = 2m is the smallest positive integer such that la1 ∈ 〈S\{a1, a2}〉, it follows by
Lemma 2.5 that Cay(G, S) is nonnormal. ✷
It now suffices to consider the abelian groups in which the sylow 2-subgroup is noncyclic
elementary abelian.
LEMMA 3.3. Let G be an abelian group with noncyclic elementary abelian sylow
2-subgroup. Then:
(i) If G is a 2-group, then every minimal Cayley digraph of G is normal.
(ii) If G is not a 2-group, then G has nonnormal minimal Cayley digraphs.
PROOF. In case (i), G is an elementary abelian 2-group. The result is clear if |G| ≤ 4.
Otherwise |G| ≥ 8. Let S be a minimal generating subset of G. Then |S| ≥ 3 and for any two
distinct elements s1 and s2 we have 2s1 = 2s2, thus, by Theorem 2.7 we see that Cay(G, S)
is normal. In case (ii), let G = Z2 ⊕ Z2m ⊕ G0, where m(> 1) is odd and G0 is trivial
or an elementary abelian 2-group. Let S = {a1, a2, . . . , ak}, where a1 = (1, 1, 0), a2 =
(0, 1, 0), a3 = (0, 0, c3), . . . , ak = (0, 0, . . . , ck), and {c3, . . . , ck} is a base of G0. Then
S is minimal. Clearly, l = 2m is the smallest positive integer with la1 ∈ 〈S\{a1, a2}〉, by
Theorem 2.7 it follows that Cay(G, S) is not normal. ✷
Now we have the following characterizations.
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THEOREM 3.4. Let G be a finite abelian group.
(i) If G is a 2-group, then every minimal Cayley digraph of G is normal if and only if G
has no direct summand of the type Z2 ⊕ Z2m (m ≥ 2).
(ii) If G is not a 2-group, then every minimal Cayley digraph of G is normal if and only if
G has no direct summand of the type Z2 ⊕ Z2m (m ≥ 1).
PROOF. We first prove (i). The necessity follows from Lemma 3.2. Now we prove the
sufficiency. Let S be a minimal generating subset of an abelian 2-group G. If 2a = 2b for
any two distinct elements a and b in S, the result is clear. Otherwise, G has a direct summand
Z2, so G is an elementary abelian 2-group and the result follows from Lemma 3.3. Now we
prove (ii). The necessity follows readily from Lemmas 3.2 and 3.3. If a minimal generating
subset S has two distinct elements a and b with 2a = 2b, then Z2 is a direct summand of G.
By our condition it follows that the sylow 2-subgroup is Z2, the result follows by Lemma 3.1.
Otherwise, 2a = 2b for any two distinct elements in S. In this case, the result follows by
Lemma 2.2. ✷
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